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Pole-Zero Modeling of Flexible Space Structures
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and '
Arthur E. Bryson Jr.
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Generic models of flexible space structures are investigated from the infinite discrete-spectrum viewpoint of
distributed parameter systems. The models are simple enough to treat analytically, yet complicated enough to
demonstrate the practical usefulness of the transcendental-transfer-function modeling for the purposes of
preliminary control synthesis. Transfer functions of the various generic models are derived analytlcally, and their
pole-zero patterns are investigated. The alternating pole-zero pattern of a transfer function from an actuator to the
colocated sensor is well-known. It is, however, newly found that in certain colocated cases, each mode has an
associated zero of higher frequency than the pole; in fact, the rigid-body mode has an associated zero very close to
the origin. This direct transmission property must be taken into consideration when deslgnmg large space
structures such as the dual-keel Space Station, which has a pole-zero pattern very similar to that of the genenc
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models The practical significance of such- pole-zero patterns on colocated control is discussed. -

Introduction

ARGE space structures will consist of many lumped and

truss-like subsystems with fairly complex interconnec-
tions. ‘In certain cases, distributed parameter modeling of
beam- and truss-like lattice structures'~> may be more compu-
tationally effective than conventional lumped- or discrete-
parameter modeling using finite element methods. However,
distributed parameter models need to be converted to finite-
dimensional state space models or transfer. function models
for the purposes of control design. Consequently, the develop-
ment of computer-aided methods for the frequency-domain
modeling of hybrid-systems with complex interconnections of
lumped and distributed parameter subsystems is of ‘current
practical interest.5~3

In this paper, we investigate various generic models of
flexible structures which are simple enough to treat analyti-
cally, yet complicated enough to demonstrate the practicality
of frequency-domain modeling of hybrid systems. We empha-
size the analytical modelmg of simple hybrid systems for the
purposes of parametric study in terms of their pole-zero
patterns. Although controlling a flexible structire using many
actuators and sensors is of interest to control researchers, we
focus on the fundamental issue of controlling a flexible struc-
ture using one actuator and a colocated sensor.

When the actuator and sensor are colocated on a free-free
structure, the transfer function has alternating poles and zeros
along the imaginary axis.>!* In this case the rigid-body mode"
and all the structural modes are stably interacting with each
other; consequently, all the modes can be phase-stablhzed by
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position feedback with a lead compensator or combined posi-
tion and rate feedback. In practice, phase uncertainty from
the control loop time delay and actuator/sensor dynamics
must be considered in stabilizing all the flexible modes. In
particular, the lowest zero of the transfer function (colocated
case) needs special consideration, since the attitude control
bandwidth is severely limited by the lowest zero if it is very
close to the origin.

In this paper, generic hybrid models with simple intercon-
nections of lumped and distributed parameter subsystems are
investigated from the discrete-spectrum viewpoint. For these
models, we show a unique pole-zero pattern, where each mode
has an associated zero of higher frequency than the pole; in
fact, the rigid-body mode has an associated zero very close to
the origin. This results in a wide frequency spectrum which
causes some difficulties in reducing the model order and also
in roll-off filtering of the unmodeled higher frequency modes.
If the last structural mode zero is included in the reduced-order
model, then the reduced-order transfer function will have the
same number of poles and zeros. This is quite different from
most of the cases, where there are more poles and zeros
(natural roll-off). However, it does not mean that the conven-
tional modal truncation method gives improper results.

- The practical significance of such pole-zero patterns of
simple models is that a very similar pole-zero pattern can be
found for the dual-keel Space Station'! for which colocated
control may not be a trivial problem, if a high bandwidth
attitude control is required. Similar pole-zero patterns for

simple beam- and rod-like structures have been examined
using exact transfer functions.!>!* The practical usefulness of
this analytical frequency-domain modeling approach has been
‘demonstrated in Ref. 14 for active vibration control synthesis
of the COFS-I Mast Flight System. In this paper, we derive
exact transfer functions of various simple hybrid models ‘and
examine their direct transmission characteristics. We then
briefly discuss some practical control issues related to colo-
cated control.

A Rigid Body with Beam-Like Appendages

In this section, we consider a rigid body connected with
uniform Bernoulli-Euler beams as a generic model of a space-
craft with symmetric flexible appendages. This simple model
has been used by control researchers, but we emphasize here
the pole-zero patterns for different values of system parame-
ters, such as the moment of inertia and the appendage
length/mass. For a simplified single-axis case, as shown in
Fig. 1, the linearized rotational equation of motion is

[EI"(x,0)]" +o[(R+x)0(2) +i(x, 0] =0 (1)

and the boundary conditions are
© JO(2) =u(r) ~ [2REIn " (0,1)] + [2EI1"(0,1)] (22)
1(0,2) =9'(0,£) =0 (2b)
7"(1,t) =97 (1,1) =0 (29

where 0(r) is the rotational angle of the central rigid body
with respect to inertial reference frame; 7(x,¢) is the smali
elastic deformation of the appendages with respect to the
reference frame attached to the central rigid body; u(¢) is the
control torque applied to the central rigid body; EI is the
bending stiffness of the appendage; o is the mass density per
unit length of the appendage; / is the length of the single
appendage; J is the rotational inertia of the central rigid
body; R is the radius of the central rigid body; and the prime
and dot denote partial differentiation with respect to x and ¢,
respectively. The central body is assumed to be a sphere
(J =(2/5)MR?).

Equation (1) has a variable coefficient, but if we define a
new coordinate y(x,t) as ‘
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y(x, 1) £[(R+x)8(1)] +[n(x,1)] (3)

then we have a simple uniform beam equation (with constant
coefficient)

[EB""(x,0)] +[65(x.1)] =0 0

and the boundary conditions in terms of the new coordinate
y(x, 1)

JO=u(t) — [2REly ;"(0, )]+ [2E”(0,1)] (52)
0(t) =y’(0,¢) and y(0,t) =Ry'(0,1) (5b)
y'(1,t)=y”(1,1)=0 (59

Taking the Laplace transforms of Egs. (4) and (5), it is
straightforward to derive the transcendental transfer function
from control torque u(s) to attitude angle 6(s) of the central
rigid body

0(s) N(s
a(s) = D(5) (©)

N

where
N(s) & —(1+cAch))
D(s) 22A[(1+ P,A*) chAsh + ( PN — 1) shAch
+2PAshAsA + (2/5) P2P,N (1 + cAch))|

sh(A) £ sinh(A); ch(A) 2 cosh(A), s(A) £sin(A),
and
c(X) £cos(A)

and M2 —s2, s in units of [EI/o/*F and u(s) in units of
EI/I ‘
The dimensionless structural parameters are defined as

R radius of spherical central body

T lenght of single appendage

M mass of central rigid body

P> =351 = Total mass of two appendages

The vanishing of the numerator of Eq. (6) is identical to the
characteristic equation of a cantilevered beam of length /.
Thus, the zeros of the transfer function [Eq. (6)] are identical
to the natural frequencies of a.cantilevered beam.

For the special case without the central body, Eq. (6)
becomes

0(s) 1+ cAchA %
u(s)  2A(shAch—chAsA) )

which corresponds to the transfer function of a free-free beam
of length 2/, with control torquer and rotational angle sensor
at the center of the beam.

/
INERTIAL REFERENCE FRAME/
S/
J/
/
/
/

J,R/\/(\Nt) :
/ PR

u(t)
Fig. 1 A rigid body with beam-like appendages.
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The pole-zero patteras of Eq. (6) for different values of P,
and P, are shown in Fig. 2. As expected, the poles and zeros
alternate along the imaginary axis, and the pole-zero pairs of
each vibration mode depend on the structural parameters P,
and P,. For a free-free beam without the central rigid body
each pole has an associated zero of higher frequency than the
pole, and the lowest zeros are very close to the origin. As we
increase the moment of inertia of the central rigid body, the
poles become associated with a zero of lower frequency, and
the vibration modes become nearly uncontrollable (undis-
turbable) and unobservable by the control torquer and the
attitude angle sensor at the central rigid body.

The significance of co-location of actuator and sensor is
that the transfer function has alternating poles and zeros. All
of the modes can then be stabilized by using a direct angle
and rate feedback in an ideal case with no extra control loop
dynamics. It is, however, interesting to consider the closed-loop
behavior of a colocated system by examining the root locus vs
rate feedback gain for the exact infinite-dimensional model.
Consider a special case without the central rigid body, which
might be a very large beam-like structure with negligible rigid
body section. It is clear from Fig. 3 that each pole has an
associated zero of higher frequency than the pole, and that the
higher frequency modes have more control /structure interac-
tions than the lower frequency modes. We also see that the
rigid body pole at the origin moves to the left, meeting a pole
coming from infinity. They then break out of the real axis and
move toward the first set of zeros. The physical significance of
this result is that the direct rate feedback for a system with a
direct transmission characteristic needs special consideration.
This will be further discussed later.

Next, we investigate a flexible frame as well as a rigid frame
with a pretensioned membrane, which might be simple ana-
lytical models of the large solar arrays of the Space Station.!!
The effect of membrane tension on the pole-zero pairs of
vibration modes is also investigated. It is shown that reduced-
order models of the flexible frame with a pretensioned mem-
brane may have the same number of poles and zeros; that is,
they may be characterized as a dynamic system with a direct
transmission term in the transfer function with colocated
actuator and sensor pair.

Rigid Frame with a Pretensioned Membrane

A simplified model of a membrane-type solar array is
shown in Fig. 4. The solar array (or blanket) is pretensioned in
one direction, and may be described by the wave equation

2"(x,t) = [(po/Tp) £(x,1)] =0 (®)

A jo & jo Aio Aio
T104.24 .[
x88
66
061.697 61 61 582
49.964
41
30
22.034 S22 22 23
x15.418 T
12 %10
3.516 Q3 Q3 53
e S ——XN— ——xlx—— ——--x|
P=Pp,=0 P =0.1 B=0.1 P=0.5
P,=0.05 P,=5.0 B,=5.0

Fig. 2 Exact poles and zeros of 6(s)/ u(s§ for different values of
structual parameters.
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where z(x, t) is transverse displacement of the membrane; p,
is mass density per unit area of the membrane; and Tj is
tension per unit length. The boundary conditions for pure roll
motion are '

z(L,t)y=1¢(1), 2(0,£)=0 9)

where ¢(?) is the attitude angle of the rigid frame and 2/ is
total length of the frame.
The equation of motion of the rigid frame is

J6=[2'(1, 1) + $()]1(2aT;) + u(1) (10)

where J is rotational inertia of the rigid frame; u(¢) is the roll
control torque applied to the frame through the rigid shaft;
and a is width of the frame. The rotational inertia of the rigid
shaft is omitted for simplicity.

Taking the Laplace transform of Eq. (8), we get

2"(x,s) + [ Xz(x,5)] =0 (11)

where A2 2 —s?, 5 is in units of |/ T, /p,/*> and z and x are in
units of /. Finally, we have the transcendental transfer func-

tion from roll control torque u(s) to roll attitude angle ¢(s)

jo
]

120.902

)

X 104,247
61.697

()

49.967

22.034

«
\ 15.418

£9 8.516
—~10 \?—3.516

Fig.3 Exact root locus vs rate feedback gain.

Direction of
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Rigid Frame /
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/// { Membrane)
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P S —

™
\\

/%x
/
/

Rigid Shaft

u(t)

Rigid Frame

Solar Blanket

Fig. 4 Rigid frame with a pretensioned membrane.
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$(s) _ ’ sin A
u(s)  aTyI[(3/2) A sinA — 2(sinA + A cosA)] (12)

where

_ J _ _moment of inertia of rigid frame
r= (2/3) apy® " moment of inertia of solar blanket

As A -0, Eq. (12) becomes

$(s) _ 1
u(s) [T+ (2/3)ap ] s>

(13)

which is identical to the transfer function of a rigid frame with
a rigid solar blanket.

The numerator of Eq. (12) is identical to the characteristic
equation of a vibrating string of length /. The pole-zero
patterns of Eq. (12) are shown in Fig. 5 for different values of
inertia ratio 7. As r — oo, we have near pole-zero cancellations
of vibration modes, which means that the membrane vibration
becomes negligible and the entire system behaves as a rigid
body.

Flexible Frame with a Pretensioned Membrane

Consider a simple model of a flexible frame with a preten-
sioned membrane, as shown in Fig. 6. The equation of motion
for the solar blanket is identical to Eq. (8)

27(x,1) = [(po/ Ty) 2(x, )] = 0

with boundary conditions for pure roll motion

» z(1,1) =y(l,1) (14)

where z(x, t) is the transverse displacement of solar blanket,
y(x,t) is the transverse displacement of the support boom,
and p, and T;, are as defined in the previous section.

Since the support booms are compressed, due to the ten-
sion in the solar blanket, they are described by beam-column
equations

Ely""(x,1) +[(aTo/2) y"(x, )] + [ 3(x, )] =0 (15)

With boundary conditions

2(0,1) =0,

4EIy"(0,¢t) =u(t) and y(0,¢)=y"(l,t) =0 (16)

EI represents the bending stiffness of support booms, g, is
the mass per unit length of booms, and u(#) is roll control
torque applied through the rigid shaft. For the tip rigid bar,
we have

mo (1, t) —[2Ely " (1,8)] — [aTyy'(1,1)]
+[aTyz'(1,¢)] =0 17
The Laplace transforms of the above equations of motion

and the boundary conditions can be written in dimensionless
form as follows:

Solar Blanket: z” + [Nz(x,s5)] =0 (18)
Beam Column: y”” + Ty” — [6TNy(x,5)] =0  (19)
Tip Bar:  —m¥Ny(1,5) —[(1/T)y""(1,5)]

—@9)l+[2(,5)] =0 (20)
Boundary Conditions:

2(0,5) =0, z(1,5) =y(1,5), y(0,5) =0,

y"(1,5) =0,4y"(0,5) = u(s) -(21)
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where A2 2 —5s? (s in units of yTy/p,/%), x, y and z are in
units of I, and u(s) is in units of EI/I. The dimensionless
structural parameters m, ¢, and T are defined as

_my mass of tip rigid bar
"= apyl ~ mass of solar blanket (one side) (222)
_ 20,/ _ mass of support booms (one side) (220)
9= 4p,! T “mass of solar blanket (one side)
T aly? _ -2 corflpressive 1oad LS ga% /2)2 (229
2EI buckling load £ (1/7%)( E1/1?)

The solution of Eq. (19) is given as
y(x,s) = Byshax + B,chax + Byspx+ B,cfx  (23)

where

>

o

[ T+ VT2 + 40TN ]1/2
2 .

ge [ T+VT2 + 40TX ]1/2

2

The transcendental transfer function from control torque u(s)
to roll attitude angle ¢(s) 2 y’(0, s) can then be found as

o(s) _ a(byay — byay) + B(byay — biay) (24)

u(s) G114y ~ A4y
fjm A jo Ao ﬁjco
x13.38 12.77 12.67 1 12.58
12.56 12.56 T12.56 ©12.56
10.39 9.70 %9.56 9.45
9.42 9.42 09.42 9.42
7.45 668
- %6.49 6.32
6.28 > 6.28 06.28 6.28
4.58
3.84 3.54 3.22
5 3.14 3.14 3.14 3.14
T T T
r=0.1 r=0.5 r=1.0 r=5.0

Fig. 5 Exact poles and zeros of the roll transfer function (r = the
moment of inertia ratio).

Beam Column /

37 Solar Blanket // - 4 x
_/L {Membrane ) // J/

ﬁ u(t)

Tip Rigid Bar

Fig. 6, Flexible frame with a pretensioned membrane,
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where
ay; = (aPsha)( o® + B?)
ay, = —B*sB(a* + B?)
ay = (e + B?)[(—mNsA +Ach) sha

—(a’cha/T— acha)sA|
=(a®+B>)[(—mNsA + Ach) sB
+( BB/ T~ BeB)sA]
b, = —(a*cha + B2cB) /4
= [~ (—=mNsA + AcA)(cha — cB)
+(asha— BPsB)sA\/T + (asha+ BsB)sA] [4

The exact pole-zero patterns of Eq. (24) are shown in Fig. 7
for different values of 7. The nominal values are assumed as:
m=02, 6=02, and T=2.0. The lowest poles and zeros
approach the origin as T— =2, ie., aT,/2— buckling load
(EI/7?1?). For the nominal value of T = 2.0, each pole has an
associated zero of higher frequency than the pole with near
cancellation. The lowest zeros are quite close to the origin.
Thus the reduced-order models obtained from the product
expansion of transcendental transfer function will have the
same number of poles and zeros, while the reduced-order
models obtained by modal analysis have always more poles
than zeros. Most physical systems are “strictly proper” sys-
tems, which have more poles than zeros in the transfer func-
tions. However, some dynamic systems, such as the generic
examples considered in this paper, behave as “proper” sys-
tems with direct transmission. A simple mass-spring model
with such direct transmission characteristics can be found in
Refs. 12 and 13.

An Equilateral Triangular Truss

It is possible to determine exact transfer functions for
structures built-up from several beams. This method is applied
to a generic planar structure made up of three beams forming
an equilateral triangle. Unlike one-dimensional structures (e.g.,
a single beam), a planar structure can have repeated natural
frequencies, a source of concern to control designers. With
three identical beam elements, the generic planar structure
considered here has many repeated natural frequencies.

Using the symmetry of the triangular structure (Fig. 8),
actuators and sensors can be placed so that roll, pitch, and
yaw can be controlled independently. It is straightforward to
find exact transfer functions from one end of a beam to the
other for displacement, slope, moment, and shear (see Ap-
pendix). Roll-axis modeling using a transfer-matrix descrip-
tion of a uniform beam (Eq. Al) is discussed here; pitch- and
yaw-axis modeling can be found in Refs. 12 and 15.

For roll attitude control, we place a torquer (e.g., a reaction
wheel) and an attitude sensor (or rate gyro) at the center of
the rear beam. From the anti-symmetry of the motions, we
need only consider half of the structure, e.g., the right half
(Fig. 8). We assume all three beams have bending stiffness EI,
mass per unit length 6, and length 2/. The moment Q, is half
of the control torque (— Q/2). The slope of the beam at the
center 6, is the sensed quantity (¢). The anti-symmetry of the
roll motions requires that the displacement y; and y, be zero.
The displacements y, and y, and the shear forces F, and F,
must be equal. Assuming “ball-in-socket” joints, the moments
0Q,, O3, and Q, must be zero. For rigid joints, one must
consider torsion of the beam elements, since bending mo-
ments at the end of one beam element produce both bending
moment and torsion in the next beam element. This triangular
frame is treated in Ref. 12.
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Using these eight conditions with the eighf equations of the
two transfer matrices yields the following transfer function
from Qp to ¢

2:(5) = D(s) (25)
where
¢{s) = roll attitude angle (= —#8, in Fig. 8)

Q(s) = roll control torque (= —2(Q, in Fig. 8)

s = Laplace transform variable in units of \/E-I;3/7
M =(-s)"
N(s) = (ch2As2X —sh2Xc2A)(chAsh —shAc)) /4
—sh2As2A(1 + chAc)) /2 ‘
D(s) =shAsA(ch2Xs2\ — sh2Ac2))
+sh2Xs2h(chXsA — shAc))

Equation (25) may be written in an infinite product expansion
form in dimensional units

0 2
o(s) 1 1—[ s2/12+1 (26)
0x(s) "I i1 /p 41
f jo i i® +J(D o hio
~ T
1 ! 9.8 b 8'33
T 9.7 %7 & oz ¥
08.7 6.3
>1< 7.5
06.8 06.8 x 6.8
6.7 % 6.7 x 6.7 e g:g 0 6.7
5.9
4.1 3.9 3.87
3.8 3.8
3.8 3.8 238 03.84
3.0
1.9
1.4 1.4
Lo |
0.1
—0— XX —XX— —XR —XX—

| | | | |

T=0.1 T=1.0 T=2.0 T=5.0 T=9.5

Fig. 7 Exact poles and zeros with m = 6 =0.2.

(y"’_F‘) (94,'Q4)
o]

Roll Axis

|
lc
1 I

EI {

YR (0,,Q,)
‘ R {7;,F,)
*QR {(v,Fa)1 (9, F,)

.y ] °c ¢ ®
|

AR R
(91:Q1) (%,'Qz)
Fig. 8 A triangular truss with roll control.
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where J = 20l> represents roll moment of inertia of the rigid
truss, p; is the ith pole, and z; is the ith zero. The exact poles
and zeros of the roll transfer function for the lowest few
modes are shown in Fig. 9a. From this figure, we see that
poles and zeros alternate with near pole-zero cancellations of
modes, 1, 2, 4, and 3. Again, one of the unique characteristics
of this pole-zero pattern is that each pole has an associated
zero of higher frequency than the pole.

Pitch-axis modeling can be performed in a manner similar
to the roll-axis modeling.'>'> Two identical torquers are placed
at the centers of the side beams. Two identical sensors are also
placed similarly. The exact poles and zeros of the pitch
transfer function for the lowest few modes are shown in
Fig. 9b. The plunge modes, which cannot be observed or
controlled by the pitch sensors and torquers, have exact
pole-zero cancellations in the pitch channel. The pitch modes
have the same natural frequencies as those of roll modes,
except for the 2nd and 5th roll modes. Such repeated natural
frequencies are due to the symmetry of the triangular truss.
Consequently, the pitch rigid inertia is the same as the roll
rigid inertia (any orthogonal axes on the roll/pitch plane of
the equilateral triangular truss are pnn01pal axes).

An exact Toot locus vs. rate feedback gain for the roll axis is
shown in Fig. 10. It is clear from the figure that each pole has
an associated zero of higher frequency than the pole, and that
the 3rd and 6th flexible modes are the dominant modes in roll
axis. This exact root locus indicates that the closed-loop
behavior observed in Fig. 3 for one-dimensional structures can
also be observed for a planar structure

Some Practical Issues

Thus far, we have considered the pole-zero modeling of
some generic models of flexible structures. In particular, we
determined the exact transfer functions form applied torques
to attitude angles at the points where the control torquers are
locdted. Although analytical frequency-domain modeling of
some hybrid systems was possible, the derivation -of exact
transfer functions involved a fair amount of effort. Perhaps a
* more logical next step will be the developmenit of a computer-
aided approach to the frequency-domain modeling of hybrid
systems with complex interconnections of lumped and beam-
or truss-like lattice substructures. ‘Consequently; various
algorithms and techniques for numerical or symbolic manip-
ulation of frequency-domain continuum models are under
development.*~® The various hybrid models considered in this
paper will, therefore, be useful for checking or validating the
computer-aided techniques so that the practical use of these
techniques can be made w1th confidence to future large space
structures.

The practical significance of the pole-zero pattern discussed
in this paper is further emphasized here. Figure 11a shows the
poles and zeros of reduced-order transfer functions -obtained
from a finite-element model of the dual-keel Space Station
shown in Fig. 11b."! These are the transfer function poles and
zeros of the colocated actuators (control moment gyros) and
sensors in each axis. One very important observation for these
transfer functions of the dual-keel Space Station is that the
lowest zeros of roll and pitch axes are very:close to the origin
and that each mode has an associated zero of higher frequency
than the pole. This results in a significant pole-zero separation
for the dominant flexible modes in the roll /pitch axes. In fact,
that is the pole-zero pattern of the simple genenc models
investigated in this paper.

In this section, we briefly discuss the practical cont_rol
design issues related to such pole-zero patterns. It is well
known that a control logic, which is a direct feedback of
position and rate, and is designed to stabilize the rigid body
mode, naturally stabilizes all the flexible modes when the
actuator and sensor are colocated.”!® However, as discussed
in Refs. 11, 16 and 17, phase stabilization of all the flex-
ible modes may not be practical in the presence of the
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Fig. 10 Exact root locus vs rate feedback gain.
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actuator/sensor dynamics and the control loop time delay. In
practice, the dominant flexible modes are usually phase stabi-
lized and all the higher-frequency modes are gain stabilized.
Passive damping becomes critical for gain stabilization, while
it is not critical for phase stabilization. The phase stabilization
of dominant flexible modes by the attitude control logic needs
great care when the dominant mode frequency is relatively
high and when the lowest zeros are very close to the origin.''®

As demonstrated experimentally in Ref. 18, contro]]mg a
flexible structure using a noncolocated actuator/sensor pair is
a difficult control problem. It is now generally accepted that
the colocated control is a rather simple problem when com-
pared to the noncolocated control. It is, however, emphasized
that the colocated control of flexible structures with a direct
transmission characteristic (such as the generic models dis-
cussed in this paper and the dual-keel Space Station) is not a
trivial problem, if a high bandwidth control is required. As a
result, a combination of the modified LQG synthesis tech-
nique'® and the enhanced classical control synthesis tech-
niques?®-2! is under investigation for robust structural fil-
tering of flexible structures which have direct transmission
characteristics.

Conclusions

We have described the “exact” frequency-domain modeling
of some generic models of flexible space structures. These
models are simple enough to treat analytically, yet com-
plicated enough to demonstrate the practical usefulness of
frequency-domam modeling. A feature of transfer functions
derived in this manner is that each pole has an associated zero
of higher frequency. The dual-keel Space Station has a pole-
zero pattern very similar to -those of the generic models
developed in this paper. Such pole-zero patterns must be
carefully considered when designing large space platforms and
placing actuators and sensors. We hope that the physical
insights obtained by investigating these simple hybrid models
will bé useful in analyzing large space structures with com-
plex interconnections of lumped and distributed parameter
subsystems.

Appendix

Matrix Descriptions of a Uniform Beam

Consider a uniform Bernoulli-Euler beam with - forces and
torques acting only on the two ends of the beam. The
Laplace-transformed equation of motion is

y"(x,8) = Ny(x,5)=0
and its solution is given by
y(x,s)=A;sinAx+ A,cos \x+ A, sinh Ax + 4, cosh Ax.
The three different matrix descriptions (transfer matrix, im-
pedance matrix, and admittance matrix) are summarized as

follows:

Al Transfer Matrix

b)) n ', L T N
/) . I, T, T, (/]
2 _| 1 2 3 1 (A1)
-0, L, T, h || -G
F, L, I, T, T '
(yl,Fl) (y2’—F2)

|

(91’_Q1) o

El, ¢,/ g>( o)

Fig. A1 Sign connection for the transfer matrix.

where
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= bending displacement in units of / (see Fig. A1)

0. = bending slope in units of A

Q, = bending moment in units of ETA2 /I

F, = shear force in units of EIN/I?

N= 52

s = Laplace transform variable in units of | EI /o/*

T1,3(}‘) =%
Tz,4(>‘) =

(cosh A + cosA)

1(sinh A + sin M)

A2 Impedance (Dynamic Stiffness) Matrix
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K, —-K,
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(A3)

where K, = sAchA + cAshA, K, = —(sA+ sh)), K5 = sAsh],
K,=chA—cA, Ks=sAchA —cAshh, K;=shA—sX; y;, 0,
Q, and F; are the same as defined in Eq. (A1) except the sign
convention shown in Fig. A2.

A3 Admittance (Dynamic Flexibility) Matrix

m1] [0 1 o 1
Y sN cA shA  chA
6,171 0 1 0
0, | cA  —sA chh shh
-1 0 1 o |-i[R
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Fig. A2 Sign connection for the impedence and admittance matrices.
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where K, are the same as defined in Eq. (A2); »,, 8., Q; and
F, are as defined in Eq. (Al), except the sign convention
shown in Fig. A2.
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